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KoMIuieke CaHHBIH TPMTOHOMETPHUAJIBIK TYPI

TpuroHomMeTpusiJIbIK TypAeri KOMILUICKC CAHAAPAbI KOOEHUTyY

TpuroHoMeTpusiJIBIK TYpPAEri KOMIUICKC CAHAAPABLI 061y

TpuroHoMeTpHsIIBIK, TYPAEri KOMILJIEKC CAaHAAPAbI AdpeKere
IIsirapy (MyaBp dopmyaachl)

KoMiuieke canaapabiH TYOipiepi



KoMiuiekc cangap

e 7 =X+ Yl KOMIUICKC CAHBIH T'€OMETPHUSIIBIK
TYPFBIJaH KOMIIJICKC JKa3bIKTRIKTAFEI (X,
Y)HYKTEC1 Jen Kapayra 00J1agbl. X-0Cl
HaKTEI OCh, Y-0C1 JKOpaMal OCh JICII
aTtajanbl.



Imaginary

. Z=a+Dhi
AXIS

Real
AXIS



Z KOMILJICKC CaHBIHBIH MOIYJII

e Z =X + Yl KOMIIJIEKC CaHBI OEPIICIH. Z
KOMIIJICKC CAaHBIHBIH |Z| Moyl men (X, Y)
HYKTECIH1H 0ac HYKTEACH apaKalllbIKThIFbIH
auTaubl.

o=y




KOMIUIEKC CaHHBIH
TPUTOHOMETPUSLIIBIK, (DOPMACHI

* Erep 0 <0 <2m 6oica, oHma Z =X + Vi
KOMIIJIEKC CaHBIH TPHUTOHOMETPHSIIBIK
dopmana z = X + yi = (rcos 0) + (r sin 0)i
HeMmece Z =T (cos O + 1sin 0) xa3yra
0OJIaabI

* O OypBIIIbI Z KOMIUIEKC CAHHBIH APTYMEHTI
o |z| =T



[fr =0and 0 = 6 < 24, the complex number z = x + yz may be written in
polar form as

z=x+ yi = (rcos#) + (rsinf)i = r(cos 6 + isinB) 4)
Imaginary
axis
Z
/
ly
\ﬁ I _ Real
0 X axis

Z= X+ yi=r(cosf + /sin 6),
r=0,0<6<2m




‘Z‘ = \/(r cos0)” + (rsin0)’

=\/r2 cos’O+r’sin’ 6 =
2 2 - 2
=\/r (cos” O +sin” 0)

— "Vrz = F

z| = r




r(cos @ +isin 6)

TpuronoMeTpusiJIbIK
(hopMaHbI KbICKAIIIA
Kazyra 00J1aabl

r(cis6)



-Il'_ * * .
Plot the point corresponding to z = V3 — 7 in the complex plane, and write an
expression for z in polar form.

Imaginary
axis
2 |
L 1 1, Real
—2 0 2 axis
- 9 . |
ol Z=\N3 — |

I'-1i TAa0aMBbI3: I = \/§ 2 + (1)2






(o) OYpBHIIITHI TA0AMBI3

tan ¢ = y
X
tana = -1
J3
-1
o =tan*—
J3

o =30°




Gs

| K_$'—1 |

6 =360° —30° = 330°
z =r(cos@+isin )
z = 2(cos 330° +i sin 330°)



KoMiuiekce canabl ajareopajbik popMaaa sKa3bIHIAAP

( S5 LY A
2| COS H1SIN —
. 6 6
57 \/§ .5 1
o we Sin — =
COS 6 ; 6 2

2 > = —J3+i




Komiuiekce cangapapl Aprad auarpaMMachbiHIa
OciiHenen,  TPUTOHOMETPHUSIBIK  (hopMaja
Ka3bIHAAP:

. 7244 2+/3



Komiiekce canapl Aprad guarpaMMachIHa
OCHMHEJIEI, aareopaiblK (hopMaaa Ka3bIHIap:

z =2(cos30° +isin30°)



Remember alcomplex numberjhas a real part and an
Imaginary part. These are used to plot complex

numbers on a complex plane. [ 7 — Y+ yl ]

_ 2 2 The magnitude or modulus
‘Z‘ -~ \/X ™Y of zdenoted by |z]is the
Imaginary distance from the origin to

Azds — the point (X, y).

The angle formed from the

Z . .
‘ ‘ : y real axis and a line from the
< @ '~ | Real originto (x,Y)is called the
X Axis argument of z, with

requirement that 0 < @< 2m.

modified for quadrant

0 =tan Y| andsothatitis
X between 0 and 2«




We can take complex numbers givenas Z = X+ VI
and convert them to polar form. Recall the conversions:

x=rcos@® Y=rsino Z=(rCOSH)+(rSin Q)I
factorrout = r(cos @+ isin )

Imaginary

AXIS

Y
185 9

2| =t

y

—/3

\4

X

>

— 2 COSB—ﬂ. 4 I Sln 5_72- 04 Ztanl(ij but in Quad I
6 6 -3 /4

The magnitude or modulus of
Z is the same as r.

Plot the complex number: 7 = —/3 +i
Real

AXIS Find the polar form of this

number.

\/(f)z Ja =2

o =2
6



The Principal Argument is between -t and =«

Imaginary

AXIS

-

y Ly
a =tan™'| —= | but in Quad I
z=r g puine
4_1'i9 » | Real Y/n
_J3 | X Axis ==
51 - Y/4
argz=— = principal arg=—
v 6 6
ST . . or&
COS— +1SIN —
6 6



It iIs easy to convert from polar to rectangular form
because you just work the trig functions and distribute
the r through.

2(007 %T +1 sm[‘%j 2[— I j = —J3+i

J3

2 If asked to plot the point and it

7Y IS In polar form, you would
plot the angle and radius.

15: zé @ ’ Notice that is the same as

- 6 lottin )
v PR _ B+




Let's try multiplying two complex numbers in polar
form together.

z, =r(cos@, +isinG,) z,=r,(cosd,+isin6,)
2,2, =| 1, (cos @, +isin@,) || r,(cos, +isin6,) |

Look at where we started and where we ended up and
see if you can make a statement as to what happens to

ther's and the 8's when you multiply two complex
numbers.

Multiply the Moduli and Add the Arguments

=r1.r,(cos(6, + 6, )+isin(6,+6,))



Let z, =r,(cos 8, +isin §,)and z, =r,(cos 6, +isin 6,)
be two complex numbers. Then
2,2, =r1,|cos(6,+ 6,)+isin(6,+6,)]

(This says to multiply two complex numbers in polar

form, multiply the moduli and add the arguments)

If 2, # O, then

o= [cos(@ 6,)+isin(6, - 6,)]

(This says to divide two complex numbers in polar form,

divide the moduli and subtract the arguments)



Let z, =r,(cos 8, +isin §,)and z, =r,(cos 6, +isin 6,)
be two complex numbers. Then

2,2, =r1,|cos(6,+ 6,)+isin(6,+6,)]

2,2, =5 [cis(6; +6,)

If z, # 0, then

- [cos(&’ 6,)+isin(6, - 6,)]
L I

Z, Iy

— =—|cCIS\f, — O

b~ fis(e,0,)



If 2= 4(cos 40° +1sin 40°)and W= 6((:03120" +1sIn 120°),
find : (@) zw (b) z/w

ZW=/L4(COS 40° +1siIn WOO +1 sinlzoo)}
— |(4x6Y(cos(40° +120° )+ isin (40° +120° ))|

multiply the moduli add the arguments
(the i sine term will have same argument)

If you want the answer

= 24(c0s160°+isin160°) | ’eciangular

coordinates simply

= 24(-0.93969+0.34202i) oo Cnee =
] _ funci d multipl
=-22.55+8.21i tﬁgczft?]sroaunghr-nu o



. 4(cos§0° +1isin 40°)
)0/1/6(?54?0 +i sin120°)
_ :{{5(400 —120° }+isin(40° —120°)

divide the moduli subtract the arguments

— g [cos(— 80° )+ i sin(— 80° )]

In polar form we want an angle between -180° and 180°
PRINCIPAL ARGUMENT

In rectangular = %(0.1736 — O.9848i)= 0.12-0.66I

coordinates:



Using Trig Representation

 Recall that a complex number can be
represented as Z=1r -(C039+i -SIN 6’)

 Then It follows that

z° =r(cos@+i-sin@)-r(cosd+i-sino)
=r”-(cos26+i-sin 20)

« \What about z3 ?



You can repeat this process raising
complex numbers to powers. Abraham
DeMoivre did this and proved the
following theorem:

1\

Abraham de Moivre DeMoivre’s Theorem
(1667 - 1754)

If z=r(cos@+ising) is a complex number,

then z" =r"(cosn@+isinno)
where n > 11is a positive Integer.

This says to raise a complex number to a power, raise the

modulus to that power and multiply the argument by that
power.



http://faculty.uml.edu/klevasseur/math/demoivre/Images/deMoivre_gr_12.gif

This theorem is used to raise complex numbers R
to powers. It would be a lot of work to find (—\@H)

:("‘@”X"‘@”X‘\E”X‘\@”) you would need to FOIL

and multiply all of these
together and simplify

Instead let's convert to polar form 50,05 of i - UGH!

and use DeMoivre's Theorem.

— -1 1 1 5
F—J(—@) 112=J4=9 0 = tan (_\@j but in Quad I 9:%

- 14
(_\/§+i)4 = Z(COS 5%”3"‘ 5%) =cos(4x5§j+isin(4x%ﬂ

= 16 :cos (103ﬂ)+ i Sin (103” j = 16[— %+ [— \f)lj




Solve the following over the set of complex numbers:

3 We know that if we cube root both sides we
. = 1 could get 1 but we know that there are 3 roots.
So we want the complex cube roots of 1.

Using DeMoivre's Theorem with the power being a
rational exponent (and therefore meaning a root), we can
develop a method for finding complex roots. This leads

to the following formula:

9+360-kj .. (6’+360-kj
+i-sin
N N

Z1/n _ r1/n _ COS(

where k =0,1,2,....n-1



Let's try this on our problem. We want the cube roots of 1.

We want cube root so our n :' Can you convert 1to
polar form? (hint: 1 =1 + O1)

@0 -1 o=an(g)-o0

zkz!ﬁ cos(O 2kﬂj+|sm(0 Zkﬂj for k50,1,

Once we build the formula, we use it first
with k =0 and get one root, then with k =1
to get the second root and finally with k = 2
for last root.

U un( (9+360-kj o (9+360-kD
/ =T -| COS +1-SIN
N N

We want cube
root so use 3
numbers here




=3/1| co (O 2kﬂj+ism(o Zkﬂ\ fork=0,12
3 3 3 3 )

Zy = iﬁ{cos(g + 20) j+ I Sin (g 2(2) ):— 1[cos(0)+isin (0)] 51

3

w

- Here's the root we

already knew.
Z, = i/i{cos(%+ 2(1)7[j +1SsIn (O + 2(2) }
J

3 3
o7 o 1 3. If you cube any of
:1{‘305( 3 j+|sm( 3 ﬂ _§+7'J these numbers
you get 1.
Zy = %/i{cos(% 2@”) +isin (%+ 2(?” H (Try it and seel)

ool (22




We found the cube roots of 1 were:ffi — — 4+ —| ————|
2 2 2 2
Let's plot these on the complex f
plane about 0.9

each line 1s 1/2 unit

Notice each of
the complex
roots has the

i same magnitude

/( ™N (1). Also the
ki | : three points are
evenly spaced

N / on acircle. This

will always be
true of complex
roots.




DeMolvre's Theorem
 In general (a + bi)" Is

"=r".(cos(n-@)+i-sin(n-&
Where n>1 ; ( ( )+ ( ))

« Apply to
(3(cos330" +i-sin330°))
e Try

34



Using De Moivre to Find Roots

e Note that there will be n such roots

n un( (9+360-kj o (9+360-kD
/ =r -1 COS +1-SIN
N N

—One eachfork=0,k=1,...k=n-1
+ Find the two square roots of —14+j.4/3
— Representasz=rcis 0
— What Is r?
— What i1s 67




